Extended Abstract 1 Preliminaries.
Our study is mainly inspired by application in the representation theory of posets, finite groups, finite-dimensional algebras over a field K, cluster K-algebras, Lie theory, and diophantine geometry, where various problems of extremal graph theory, discrete mathematics technique, numeric and symbolic algorithms, and computer algebra tools are successfully applied, see [1] , [2] [3] [4] [5] , [6] [7] [8] , [9] , [13] [14] [15] [16] , [18] , [20] , [21] [22] [23] [24] [25] [26] [27] .
Here we use the terminology and notation introduced in [24] - [25] . We denote by N the set of non-negative integers, by Z the ring of integers, and by Q and R the field of the rational and the real numbers, respectively. We view Z n , with n ≥ 1, as a free abelian group. We denote by e 1 , . . . , e n the standard Z-basis of Z n . Given n ≥ 1, we denote by M n (Z) the Z-algebra of all square n by n matrices, and by E ∈ M n (Z) the identity matrix.
By an edge-bipartite graph (signed multigraph) we mean a pair ∆ = (∆ 0 , ∆ 1 ), where ∆ 0 is a finite non-empty set of vertices and ∆ 1 is a finite set of edges equipped with a bipartition
, for each pair of vertices i, j ∈ ∆ 0 , and either
We visualize ∆ as a graph in a Euclidean space R m , m ≥ 2, with the vertices numbered by the integers 1, . . . , n; we simply write ∆ 0 = {1, . . . , n}. An edge in ∆ − 1 (i, j) is visualised as a continuous one • i −−−− • j , and an edge in ∆ + 1 (i, j) is visualised as a dotted one • i ---• j . We view any finite graph ∆ = (∆ 0 , ∆ 1 ) as an edge-bipartite one by setting ∆ − 1 (i, j) = ∆ 1 (i, j) and ∆ + 1 (i, j) = ∅, for each pair of vertices i, j ∈ ∆ 0 . We denote by Bigr n the category of finite connected loop-free edge-bipartite graphs without loops, with n ≥ 2 vertices, and usual edgebipartite graph maps as morphisms.
Following the representation theory of finite-dimensional K-algebras over an algebraically closed field K (see [1] ) and the mesh-geometrical study of roots of integral unit quadratic forms described in [22] and [23] , the edge-bipartite graphs ∆ ∈ Bigr n are studied in [25] by means of the Coxeter-Gram transformation Φ ∆ : Z n → Z n (and its spectral properties, compare with [5] ) associated with the non-symmetric adjacency matrixĎ ∆ and the non-symmetric
is called the symmetric Gram matrix of ∆ and Ad ∆ :=Ď ∆ +Ď tr ∆ is the symmetric adjacency matrix of ∆. The spectrum of ∆ is the set spec ∆ ⊂ R of n real roots of the polynomial
, called the characteristic polynomial of the edge-bipartite graph ∆.
Following [25] , we call ∆ = (∆ 0 , ∆ 1 ) positive (resp. non-negative), if the symmetric Gram matrix
The main aim of the Coxeter spectral analysis introduced in [24] and [25] , is to study the bigraphs ∆ in Bigr n , by means of the Coxeter spectrum specc ∆ ⊆ C defined to be the spectrum of the Coxeter-Gram matrix Cox
We recall that the main idea of the classical spectral analysis of signed graphs ∆ (bigraphs) is to study them by means of the properties of the symmetric adjacency matrix Ad ∆ , its (real) spectrum spec ∆ ⊂ R, and in terms of the Laplacian matrix of ∆. In particular, Laplacian spectral space and the signed graphs ∆ with the Laplacian matrix positive semi-definite are studied in [15] , where application to spectral machine learning methods, electical networks, to link sign prediction in signed unipartite and bipartite networks, and community partition in social networks are discussed, see also [12] .
A bridge between the spectral analysis of graphs G in terms of the spectrum spec G ⊆ R of their adjacency matrix Ad G (see [5] ) and the Coxeter spectral study of edge-bipartite graphs ∆ ∈ Bigr n is the following. Theorem 1.2. If ∆ ∈ Bigr n is a tree, we have cox ∆ (t 2 ) = t n · P ∆ (t + 1 t ). In the study of non-negative bigraphs the following result is of importance. Theorem 1.3. Assume that ∆ is a non-negative loop-free edge-bipartite graph in Bigr n , with n ≥ 2.
(a) The Coxeter spectrum specc ∆ lies on the unit sphere S 1 := {z ∈ C; |z| = 1} and all points z ∈ specc ∆ are roots of unity. Moreover, ∆ is positive if and only if 1 / ∈ specc ∆ . (b) If ∆ is connected and positive then ∆ has no double edges, that is, the number of edges between any two vertices of ∆ is at most one.
(c) If ∆ is connected and has no dotted edges then ∆ is positive if and only if ∆ is one of the simply-laced Dynkin diagrams A n , D n , E 6 , E 7 , E 8 .
Our Coxeter spectral analysis of positive loop-free edge-bipartite graph in Bigr n essentially uses the inflation algorithm defined in [25] that associates to any positive graph in Bigr n a simply-laced Dynkin diagram D∆ ∈ {A n , D n , E 6 , E 7 , E 8 } as follows. An of ∆ at a vertex a ∈ ∆ 0 is defined to be the graph t − a ∆ obtained from ∆ by replacing any edge a −−−− b by a dotted one, and any edge a−−−b by a continuous one. An inflation of a positive graph ∆ at the edge a −−− b is the bigraph ∆ := t − ab ∆, with the same set of vertices ∆ 0 = ∆ 0 , such that q ∆ is obtained from q ∆ by the substitution x a → x a − x b . We call t s , t s−1 , · · · , t 1 a sequence of inflations edge-bipartite graph operators for ∆, if each of its terms t j has the form t − c or t − ab , for some a = b, with an edge a −−− b, and t j ∆ := t j t j−1 · · · t 1 ∆ is well-defined, for any j ∈ {1, . . . , s}. Theorem 1.4. Assume that ∆ is a positive loop-free edge-bipartite graph in Bigr n , with n ≥ 2. There exists a simply-laced Dynkin diagram D∆ ∈ {A n , D n , E 6 , E 7 , E 8 }, called the Dynkin type of ∆, (uniquely determined by ∆, up to permutation of vertices) and a sequence t s , t s−1 , · · · , t 1 of inflations such that D∆ = t s • t s−1 • · · · • t 1 (∆) and G D∆ = C tr · G ∆ · C = G ∆ * C, for some C ∈ Gl(n, Z), see (2.1).
Main results.
In the study of bigraphs by means of their Coxeter spectra, we frequently use the right group action (a quadratic congruence action)
of Gl(n, Z) := {A ∈ M n (n, Z), det A ∈ {−1, 1}} and the group Gl(n, Z) ∆ = {B ∈ Gl(n, Z); G ∆ * B = G ∆ } called the isotropy group of ∆ ∈ Bigr n . By [24, 2.12] , the matrix Weyl group W ∆ of ∆ is a subgroup of Gl(n, Z) ∆ . By [24, Prop. 2.8], we have a bijection h C : Mor ∆ → Mor D∆ defined by h C (A) = A * C, where C ∈ Gl(n, Z) is a fixed matrix such that G D∆ = G ∆ * C. Here Mor ∆ ⊆ M n (Q) is the set of rational non-singular matrices A such that A + A tr = 2Ǧ ∆ and the matrix Cox ∆ := −A · A −tr has integer coefficients. We set
It follows that the problem (CSAP), for loop-free positive connected bigraphs ∆, reduces to an analogous problem for the matrix morsifications A, A ∈ Mor D∆ ⊆ M n (Z), with a Dynkin diagram D∆ ∈ {A n , D n , E 6 , E 7 , E 8 } associated to ∆, and consequently, to a classification of the reduced mesh root systems for each of the Dynkin diagrams, to the computation of W D∆ -orbits A * W D∆ , with A ∈ Mor D∆ , the Coxeter polynomials cox A (t) ∈ Z[t], and the Coxeter numbers c A ≥ 2, where W D∆ ⊆ Gl(n, Z) is the Weyl group of D∆.
We present a complete solution of the problem (CSAP), in case D∆ ∈ {D 6 , E 6 }, by applying symbolic computer algebra computations and numerical algorithmic computations in Linux, Maple and C with GNU Scientific Library. We also give a solution (for bigraphs of type D 6 and E 6 ) of the following Coxeter spectral analysis problems stated in [25] :
(CSAP2) For any matrix A ∈ Gl(n, Z), construct C ∈ Gl(n, Z) such that A tr = A * C and C = C −1 .
(CSAP3) Construct an algorithm computing a matrix B ∈ Gl(n, Z) such thať G ∆ =Ǧ ∆ * B, for any pair of positive simply-laced edge-bipartite graphs ∆, ∆ ∈ Bigr n , with specc ∆ = specc ∆ .
(CSAP4) Prove the existence of a minimal Φ ∆ -mesh geometry of roots Γ( R ∆ , Φ ∆ ) of ∆ that is uniquely determined by specc ∆ , up to a mesh quiver isomorphism.
In particular, we get the following table of Coxeter polynomials and related invariants. Table 2 .2. Coxeter polynomials cox A (t), with A ∈ Mor ∆ , Coxeter numbers, Coxeter orbits, and Weyl orbits for the Dynkin diagrams ∆ ∈ {D 6 , E 6 }
(−t), 1 9 1 × 5760
(−t), 1 6 1 × 720
(t),
(−t), (t) = t 6 + 2t
(−t),
The table should be completed by the Coxeter polynomial F
∆ (t) := (t + 1) 6 of the symmetric Gram matrix G ∆ ∈ Mor ∆ , with Cox G ∆ = −E, for any Dynkin diagram ∆ ∈ {D 6 , E 6 }.
We construct computer algorithms that allow us to calculate the isotropy group Gl(n, Z) ∆ of ∆, and the set CPol ∆ := {cox A (t); A ∈ Mor ∆ } of Coxeter polynomials, for 2 ≤ n enough small. By a routine computer calculation we get the following result.
Corollary 2.3. If ∆ ∈ {D 6 , E 6 }, the set CPol ∆ is finite and coincides with that one presented in Table 2 .2. Moreover −E ∈ W D 6 , −E / ∈ W E 6 , the Weyl group W ∆ is a normal subgroup of index two of the isotropy group Gl(n, Z) ∆ of ∆, and Gl(n, Z) ∆ = W ∆ C 2 , where C 2 = {E, Cox A } is a group of order two and A is a morsification in Mor ∆ . The existence of a Φ A -mesh geometry Γ( R ∆ , Φ A ) of roots of ∆ is proved, for any A ∈ Mor ∆ , by presenting combinatorial toroidal mesh algorithms constructing the Φ A -mesh quiver Γ( R ∆ , Φ A ) satisfying the required conditions. In case ∆ ∈ {D 6 , E 6 }, we shall illustrate the construction by examples.
Except of the motivation given earlier, we would like to recall a motivation coming from our recent results in [23] . It is shown there that our study of morsifications is inspired by a problem of finding all integral solutions of diophantine equations q(x) = d, where x = (x 1 , . . . , x n ), d ∈ Z is an integer and q : Z n → Z is a non-negative quadratic form. Contrary to the negative solution of the Hilbert's tenth problem, for any such a form q(x), we give in [23] efficient algorithms describing the set R q (d) of all integral solutions of the equation q(x) = d by applying the morsifications A ∈ M n (Z) of q. Usually R q (d) has a shape of a Φ A -mesh sandglass tube or of a Φ A -mesh torus, where Φ A : Z n → Z n , v → v · Cox A , is the Coxeter transformation of A. On the other hand, it is shown in [22] - [23] that the study of mesh root systems and Φ A -mesh translation quivers Γ(R ∆ , Φ A ) of roots has important applications in representation theory of groups, algebras, and partially ordered sets, as well as in the study of derived categories (in the sense of Verdier) of module categories and categories of coherent sheaves over algebraic varieties.
